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UNSTABLE TOPOLOGICAL PRESSURE OF
PARTIALLY HYPERBOLIC DIFFEOMORPHISMS
WITH SUB-ADDITIVE POTENTIALS
WENDA ZHANG, ZHIQIANG LI, AND YUNHUA ZHOU
Abstract. In this paper, we introduce the unstable topologi-
cal pressure for a C1-smooth partially hyperbolic diffeomorphisms
with sub-additive potentials, and develop its basic properties. More-
over, without any additional assumption, we obtain a variational
principle which exhibits connections between this unstable topo-
logical pressure and the unstable measure theoretic entropy, as well
as the corresponding Lyapunov exponent.
1. Introduction
It is well known that the topological pressure for additive potentials
was first introduced by Ruelle for expansive maps on compact metriz-
able spaces see [15]; furthermore, he formulated a variational principle
for topological pressures. Later on, Walters generalized the results for
all continuous maps on compact metrizable spaces in [16]. In [13], Pesin
and Pitskel defined topological pressures for non-compact sets, which is
a generalization of Bowen’s definition of topological entropies for non-
compact sets in [2], and they proved a variational principle under some
supplementary conditions. In [7], Falconer first introduced topological
pressures for sub-additive potentials on mixing repellers and proved
a variational principle under some Lipschitz conditions and bounded
distortion assumptions on the sub-additive potentials. After that, in
[3], Barreira defined topological pressures for an arbitrary sequence of
potentials with respect to an arbitrary subset of a compact metrizable
space, and proved a variational principle under some convergence as-
sumptions on the potentials. However, the conditions given by Falconer
and Barreira are usually not satisfied by general sub-additive poten-
tials. In [4], Cao, Feng, and Huang generalized the results of Ruelle
and Walters for sub-additive potentials of general dynamical systems.
They defined sub-additive topological pressures and gave a variational
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principle without any additional restrictions on the potentials. In [5],
Chen, Ding, and Cao gave another proof of the main result of [4] by
considering the local topological pressure with open covers for sub-
additive potentials. The notions of topological pressures, variational
principles and equilibrium states play fundamental roles in statistical
mechanics, ergodic theory and dynamical systems see the books [1, 16].
In recent years, entropy theory for partially hyperbolic diffeomor-
phisms are intensively investigated. One can see the progress of this
topic in [11, 18, 9], etc.. In particular, for any C1-smooth partially
hyperbolic diffeomorphism f , Hu, Hua and Wu introduced the unsta-
ble metric entropy (see [9]). To be more precise, huµ(f) is defined by
Hµ(∨n−1i=0 f−iα|η), where α is a finite measurable partition, and η is a
measurable partition subordinate to unstable manifolds that can be ob-
tained by refining a finite partition into pieces of unstable leaves. More-
over, they also defined unstable topological entropy hutop(f), which is
given by the topological entropy of f on local unstable manifolds. They
also obtained the corresponding Shannon-McMillan-Breiman theorem,
local entropy formula for huµ(f), and the variational principle. The
main feature of these unstable entropies is to rule out the complex-
ity caused by central directions and focus on that caused by unstable
directions.
In [10], Hu, Wu and Zhu investigated the unstable topological pres-
sure P u(f, φ) for a C1-smooth partially hyperbolic diffeomorphism f :
M → M and a continuous function φ on M , and they obtained a
variational principle for this pressure. In this paper, we introduce the
unstable topological pressure in a general setting, i.e., for sub-additive
potentials G = {log gn}∞n=1, and set up a variational principle between
the topological pressure, measure theoretical entropy and the corre-
sponding Lyapunov exponent.
Theorem 1.1. Let f : M → M be a C1-smooth partially hyperbolic
diffeomorphism and G = {log gn}∞n=1 be a sequence of sub-additive po-
tentials of f on M , then
P u(f,G) = sup{huµ(f) + G∗(µ) : µ ∈Mf (M)}.
Moreover,
P u(f,G) = sup{huµ(f) + G∗(µ) : µ ∈Mef (M)}.
The paper is organized as follows. In Section 2, we set up notation
and give definitions of the unstable topological pressure for sub-additive
potentials. Section 3 consists of basic properties of this unstable pres-
sure and some auxiliary results needed later. In Section 4, we give a
proof of the main result–Theorem 1.1.
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2. Notation and definitions
Throughout the paper, we focus on the dynamical system (M, f),
where M is a finite dimensional, smooth, connected, and compact Rie-
mannian manifold without boundary; and f : M →M is a C1-smooth
partially hyperbolic diffeomorphism.
We denote byMf (M) the set of invariant Borel probability measures
of f on M , and by Mef (M) the subset of ergodic ones.
Take 0 > 0 small. Let P = P0 denote the set of finite Borel
partitions α of M whose elements have diameters smaller than or equal
to 0, that is, diam α := sup{diam A : A ∈ α} ≤ 0. For any partition
ξ of M and any x ∈M , we denote by ξ(x) the element of ξ containing
x. For each β ∈ P we can define a finer partition η such that η(x) =
β(x)∩W uloc(x) for each x ∈M , where W uloc(x) denotes the local unstable
manifold at x whose size is greater than the diameter 0 of β. Since
W u is a continuous foliation, η is a measurable partition with respect
to any Borel probability measure on M .
Let Pu denote the set of partitions η obtained in this way and sub-
ordinate to unstable manifolds. Here a partition η of M is said to be
subordinate to unstable manifolds of f with respect to a measure µ if
for µ-almost every x, η(x) ⊆ W u(x) and contains an open neighborhood
of x in W u(x). It is clear that if α ∈ P satisfies µ(∂α) = 0, where ∂α :=
∪A∈α∂A, then the corresponding η given by η(x) = α(x)∩W uloc(x) is a
partition subordinate to unstable manifolds of f .
Given any probability measure ν and any measurable partition η of
M , the canonical system of conditional measures for ν and η is a family
of probability measures {νηx : x ∈M} with νηx(η(x)) = 1, such that for
every measurable set B ⊆M,x 7→ νηx(B) is measurable and
ν(B) =
∫
X
νηx(B)dν(x).
This is also called the measure disintegration of ν over η. A classical
result of Rokhlin (cf. [14]) says that if η is a measurable partition, then
there exists a system of conditional measures with respect to η. It
is essentially unique in the sense that two such systems coincide with
respect to a set of points with full ν-measure.
In [9], the authors have given a definition of unstable metric entropy
as follows.
Definition 2.1. For any measurable partitions α ∈ P and η ∈ Pu, set
Hµ(α|η) := −
∫
M
log µηx(α(x))dµ(x),
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The unstable metric entropy of f is defined as
huµ(f) = sup
η∈Pu
hµ(f |η),
where
hµ(f |η) = sup
α∈P
hµ(f, α|η),
and
hµ(f, α|η) = lim sup
n→∞
1
n
Hµ(α
n−1
0 |η).
Definition 2.2. Given a sequence of continuous functions G = {log gn}∞n=1
on M , G is called a sequence of sub-additive potentials of f if
(2.1) log gm+n(x) ≤ log gn(x) + log gm(fnx),∀x ∈M,m, n ∈ N.
Remark 2.1. For an f -invariant Borel probability measure µ, set
G∗(µ) = lim
n→∞
1
n
∫
log gndµ,
and G∗(µ) is called the Lyapunov exponent of G with respect to µ. It
takes values in [−∞,+∞). Moreover, the Sub-additive Ergodic The-
orem (cf. [17], Theorem 10.1) implies that for an ergodic measure µ,
one has
G∗(µ) = lim
n→∞
1
n
log gn a.e. x ∈M.
Denote by du the metric induced by the Riemannian structure on the
unstable manifold and let dun(x, y) = max
0≤j≤n−1
du(f j(x), f j(y)). Denote
by W u(x, δ) the open ball inside W u(x) with center x and radius δ with
respect to du. Let E be a subset of points in W u(x, δ) with pairwise
dun-distances at least , such a set is called an (n, )u-separated subset
of W u(x, δ). Note that M is compact and W u is a continuous foliation,
then for any δ > 0 small enough, there exists a C > 1 such that for
any x ∈M ,
(2.2) d(y, z) ≤ du(y, z) ≤ Cd(y, z), for any y, z ∈ W u(x, δ).
Definition 2.3. Let G = {log gn}∞n=1 be a sequence of sub-additive
potentials of f . Set
P un (f,G, , x, δ) := sup
{∑
y∈E
gn(y)|E is an (n, )u-separated subset of W u(x, δ)
}
,
and
P u(f,G, , x, δ) := lim sup
n→∞
1
n
logP un (f,G, , x, δ).
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Then define
P u(f,G, x, δ) := lim
→0
P u(f,G, , x, δ).
The unstable topological pressure of f with respect to G is defined as
P u(f,G) := lim
δ→0
sup
x∈M
P u(f,G, x, δ).
We can also define unstable topological pressure for sub-additive
potentials using (n, ) u-spanning sets as follows.
A subset F ⊂ W u(x) is called an (n, ) u-spanning set of W u(x, δ) if
W u(x, δ) ⊂ ∪y∈FBun(y, ), where Bun(y, ) = {z ∈ W u(x) : dun(y, z) ≤ }
is the (n, ) u-Bowen ball around y.
Definition 2.4. Let G = {log gn}∞n=1 be a sequence of sub-additive
potentials of f . Set
Qun(f,G, , x, δ)
:= inf
{∑
y∈F
sup
z∈Bun(y,)
gn(z) | F is an (n, )u-spanning subset of W u(x, δ)
}
,
Qu(f,G, , x, δ) := lim sup
n→∞
1
n
logQun(f,G, , x, δ)
and
Qu(f,G, x, δ) := lim
→0
Qu(f,G, , x, δ).
Define
P u∗(f,G) := lim
δ→0
sup
x∈M
Qu(f,G, x, δ).
The two definitions above actually coincide.
Proposition 2.1. Assume that G = {log gn}∞n=1 is a sequence of sub-
additive potentials of f , for any x ∈M and δ > 0, one has
Qu(f,G, x, δ) = P u(f,G, x, δ),
and hence
P u(f,G) = P u∗(f,G).
Proof. First we show for any x ∈M and δ > 0,
(2.3) Qu(f,G, x, δ) ≥ P u(f,G, x, δ).
For any  > 0, suppose F is an arbitrary (n,

2
)u-spanning subset and
E is an arbitrary (n, )u-separated subset of W u(x, δ), respectively.
For each y ∈ E, one can choose some z ∈ F with dun(y, z) ≤

2
, and
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then define a map ϕ : E → F by ϕ(y) = z. Then ϕ is injective.
Therefore, ∑
ϕ(y)∈F
sup
z∈Bun(ϕ(y),/2)
gn(z) ≥
∑
y∈E
gn(y),
and then
Qun(f,G, /2, x, δ) ≥ P un (f,G, , x, δ).
This immediately yields (2.3).
On the other hand, for any given n ∈ N and  > 0, one can choose
y1 ∈ W u(x, δ) with
gn(y1) = sup
y∈Wu(x,δ)
gn(y),
and then choose y2 ∈ W u(x, δ) \Bun(y1, ) with
gn(y2) = sup
y∈Wu(x,δ)\Bun(y1,)
gn(y).
One can continue this process. More precisely, in step m we choose
ym ∈ W u(x, δ) \
⋃m−1
j=1 B
u
n(yj, ) with
gn(ym) = sup
y∈Wu(x,δ)\⋃m−1j=1 Bun(yj ,) gn(y).
Suppose this process stops at certain step l, and produces a maximal
(n, )u-separated set E = {y1, · · · , yl}, which implies that E is also an
(n, )u-spanning set of W u(x, δ). Therefore,
Qun(f,G, , x, δ)
≤
∑
y∈E
exp
(
sup
z∈Bun(y,)
log gn(y)
)
=
∑
y∈E
gn(y)
≤ sup
{∑
y∈F
gn(y) | F is an (n, )u-separated subset of W u(x, δ)
}
=P un (f,G, , x, δ).
and so
(2.4) Qu(f,G, x, δ) ≤ P u(f,G, x, δ).
Combining (2.3) with (2.4), one has
Qu(f,G, x, δ) = P u(f,G, x, δ),
and hence
P u(f,G) = P u∗(f,G).

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Remark 2.2. With a quite similar argument as the proof of Lemma
2.1 in [10], we can show that the unstable topological pressure for sub-
additive potentials we defined above is independent of the choice of δ.
That is
P u(f,G) = sup
x∈M
P u(f,G, x, δ) for any δ > 0.
We can also formulate the unstable topological pressure using open
covers. Let CovO(x,δ) be the set of finite open covers of W
u(x, δ) with
respect to the metric du, and CovB(x,δ) be the set of Borel covers of
W u(x, δ). Suppose that V and U are two covers of W u(x, δ). Denote by
V  U if the cover V is a refinement of the cover U . Denote diam(U) :=
max{diam(A)|A ∈ U}.
Given U ∈ CovO(x,δ), set Unm :=
∨n
i=m f
−iU , and define
pun(f,G,U , x, δ) := inf
{∑
B∈V
sup
y∈B∩Wu(x,δ)
gn(y)|V ∈ CovB(x,δ), V  Un−10
}
,
where the infimum is taken over the collection of all Borel covers that
refine the cover U .
Remark 2.3. For any x ∈ M , any δ > 0 and any U ∈ CovO(x,δ), the
sequence {log pun(f,G,U , x, δ)}n≥1 is sub-additive.
In fact, for any positive integer n and m, observe that if α ∈ CovB(x,δ)
such that α  Un−10 , and β ∈ CovB(x,δ) with β  Um−10 , then α∨f−nβ 
Un+m−10 and∑
A∈α∨f−nβ
sup
y∈A∩Wu(x,δ)
gn+m(y) ≤
(∑
B∈α
sup
y∈B∩Wu(x,δ)
gn(y)
)(∑
C∈β
sup
z∈C∩Wu(x,δ)
gn(z)
)
.
Therefore,
log pun+m(f,G,U , x, δ) ≤ log pun(f,G,U , x, δ) + log pum(f,G,U , x, δ).
Definition 2.5. Set
P˜ u(f,G,U , x, δ) := lim
n→∞
1
n
log pun(f,G,U , x, δ),
and
P˜ u(f,G, x, δ) := sup
U∈CovO
(x,δ)
P˜ u(f,G,U , x, δ).
We define
P˜ u(f,G) := lim
δ→0
sup
x∈M
P˜ u(f,G, x, δ).
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Remark 2.4. In fact
(2.5) P˜ u(f,G, x, δ) = lim
diam(U)→0
P˜ u(f,G,U , x, δ).
This is because if V ,U ∈ CovO(x,δ) and diam(V) is less than the Lebesgue
number of U , by the definition one gets
pun(f,G,V , x, δ) ≥ pun(f,G,U , x, δ),
immediately.
Next we will show that the unstable topological pressure in terms
of open covers is equivalent to the definition given by separated or
spanning sets.
Proposition 2.2. Assume that G = {log gn}∞n=1 is a sequence of sub-
additive potentials of f , for any x ∈M and δ > 0, one has
P˜ u(f,G, x, δ) = P u(f,G, x, δ) = Qu(f,G, x, δ),
and hence
P˜ u(f,G) = P u(f,G) = P u∗(f,G).
Proof. First, we show
P˜ u(f,G, x, δ) ≤ P u(f,G, x, δ).
For any fixed  > 0 and n ∈ N, we construct an (n, ) u-separated set of
W u(x, δ) for any given x ∈M and δ > 0 in the following way. For any
y ∈ W u(x, δ), denote Bun(y, ) = {z ∈ W u(x, δ)| max
0≤i≤n−1
du(f iy, f iz) <
}. Take y1 ∈ W u(x, δ) such that gn(y1) = sup
y∈Wu(x,δ)
gn(y), and then
take y2 ∈ W u(x, δ) \Bun(y1, ) with
gn(y2) = sup
y∈Wu(x,δ)\Bun(y1,)
gn(y).
Continue this procedure. More precisely, in step l, choose yl ∈ W u(x, δ)\
l−1⋃
i=1
Bun(yi, ) such that
gn(yl) = sup
y∈Wu(x,δ)\
l−1⋃
i=1
Bun(yi,)
gn(y).
By compactness of W u(x, δ), the above procedure will stop at certain
step N . Denote by E = {y1, · · · , yN} the set we pick up. Then E is
an (n, ) u-separated subset of W u(x, δ) with maximal cardinality. Set
U = {Bu(f iyj, )| 0 ≤ i ≤ n − 1, 1 ≤ j ≤ N}. It is obvious that U
UNSTABLE TOPOLOGICAL PRESSURE FOR SUB-ADDITIVE POTENTIALS 9
forms an open cover of W u(x, δ) with diam(U) ≤ 2 in the du metric.
Set
α = {Bun(y1, ), Bun(y2, ) \Bun(y1, ), · · · , Bun(yN , ) \
N−1⋃
i=1
Bun(yi, )}.
Then α is a Borel cover of W u(x, δ) and α  Un−10 . Then one has∑
A∈α
sup
y∈A∩Wu(x,δ)
gn(y) =
N∑
i=1
gn(yij) ≤ P un (f,G, , x, δ),
this is because the set F is a (n, ) u-separated set of W u(x, δ). There-
fore,
P˜ u(f,G,U , x, δ) ≤ P un (f,G, , x, δ),
Let → 0. By (2.5) one has
P˜ u(f,G, x, δ) ≤ P un (f,G, x, δ).
Now we show the inverse inequality,
P˜ u(f,G, x, δ) ≥ P un (f,G, x, δ).
Fixed x ∈ M and δ > 0. For any given  > 0 and n ∈ N, suppose U
is an open cover of W u(x, δ) with diam(U) ≤  in the du metric. Then
for any Borel cover α of W u(x, δ) with α  Un−10 , and any (n, ) u-
separated subset E of W u(x, δ), one has y ∈ E contained exactly in
one element A ∩W u(x, δ) for A ∈ α. Then we get
P˜ u(f,G,U , x, δ) ≥ P un (f,G, , x, δ).
Combining with the result of Proposition 2.3, we get the desired
conclision. 
Next we gather some basic properties of unstable topological pressure
for sub-additive potentials. They follow in quite a standard way, so we
omit the proof to avoid redundancy.
Proposition 2.3. Let f : M →M be a C1-smooth partially hyperbolic
diffeomorphism. Let G = {log gn}∞n=1 and H = {log hn}∞n=1 be sub-
additive potentials on M . Then the following statements are true.
(1) P u(f, c+ G) = P u(f,G) + c, where c+ G = {c+ log gn}n∈Z+ .
(2) If G ≤ H, i.e. for any n ≥ 1, x ∈M, fn(x) ≤ gn(x), then
P u(f,G) ≤ P u(f,H),
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(3) P u(f, ·) is convex, that is to say,
P u(f, pG + (1− p)H) ≤ pP u(f,G) + (1− p)P u(f,H),
where pG + (1− p)H = {p log gn + (1− p) log hn}n∈Z+ .
(4)
P u(f,G +H) ≤ P u(f,G) + P u(f,H),
where G +H = {log gn + log hn}n∈Z+
(5)
P u(f, cG) ≤ cP u(f,G), if c ≥ 1,
and
P u(f, cG) ≥ cP u(f,G), if c ≤ 1.
(6) If we further assume H is additive, then
P u(f,G +H ◦ f −H) = P u(f,G),
where G +H ◦ f −H = {log gn + log hn ◦ f − log hn}n∈Z+ .
(7) For any k ∈ N, we have
P u(fk,G(k)) = kP u(f,G)
where fk := {f ◦ · · · ◦ f}︸ ︷︷ ︸
k times
and G(k) := {log gkn}n∈Z+ .
Remark 2.5. It is not clear whether the result of (6) is still true if H
is only sub-additive.
Finally we list some auxiliary lemmas which are needed later.
Lemma 2.4. Given 0 ≤ p1, · · · , pm ≤ 1 with
∑m
i=1 pi = 1, and a1, · · · , am ∈
R, then
m∑
i=1
pi(ai − log pi) ≤ log
m∑
i=1
eai ,
and equality holds if pi =
eai∑m
i=1 e
ai
. The continuous version of the
formula above is as follows.∫
M
µ(x) (a(x)− log µ(x)) dµ ≤ log
∫
M
ea(x)dµ(x),
where µ is a Borel probability measure of M .
The following result is a standard power rule for unstable entropy.
Lemma 2.5. Suppose µ ∈Mf (M), one has hµ(fk|η) = khµ(f |η), and
hence huµ(f
k) = khuµ(f).
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3. The proof of the variational principle
Now we proceed to prove Theorem 1.1
Proof. We divide the proof into three steps.
Step 1 . In this step will show that for any µ ∈Mf (M), one has
huµ(f) + G∗(µ) ≤ P u(f,G).
Suppose µ is an element in Mf (M), and there is given a finite par-
tition α = {A0, A1, · · · , Ak} of M , such that diam(Ai) ≤ 0, Ai is
compact for 1 ≤ i ≤ k, and A0 = M \ ∪ki=1Ai. Set b = min{d(Ai, Aj) :
i, j = 1, · · · , k, i 6= j}, and pick up an  > 0 with  < b
2
. Then for any
n ∈ N, one has
Hµ(α
n−1
0 |η) +
∫
M
log gn(x)dµ(x)
= −
∫
M
µηx(α
n−1
0 (x)) log µ
η
x(α
n−1
0 (x)) ·
(
µηx(α
n−1
0 (x))
)−1
dµ+
∫
M
log gn(x)dµ(x)
=
∫
M
µηx(α
n−1
0 (x))
(
log gn(x)− log µηx(αn−10 (x))
) · (µηx(αn−10 (x)))−1 dµ(x)
=
∫
M
µηx(α
n−1
0 (x))
(
log gn(x)− log µηx(αn−10 (x))
)
dµη(x)
≤ log
∫
M
gn(x)dµ
η(x)
= log
∫
M
gn(x) ·
(
µηx(α
n−1
0 (x))
)−1
dµ(x)
≤ log sup
B∈η
∑
A∈αn−10
sup
x∈A∩B
gn(x)
= sup
B∈η
log
 ∑
A∈αn−10
sup
x∈A∩B
gn(x)
 .
Since diam(η) ≤ 0, then for any B ∈ η, there exists x ∈M , such that
B ⊆ W u(x, δ). Then it holds that
Hµ(α
n−1
0 |η)+
∫
M
log gn(x)dµ(x) ≤ sup
x∈M
log
 ∑
A∈αn−10
sup
x∈A∩Wu(x,δ)
gn(x)
 .
Next, we construct an (n, ) u-separated set of W u(x, δ) to explore
the relationship between
∑
A∈αn−10
sup
x∈A∩Wu(x,δ)
gn(x) and P
u
n (f,G, , x, δ).
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Let M = {C = A ∩W u(x, δ)|A ∈ αn−10 }. For each C ∈ M, choose
some x(C) ∈ C such that gn (x(C)) = sup
y∈C
gn(y).
We claim that for each C ∈ M, there are at most 2n different C˜
in M, such that dun
(
x(C), x(C˜)
)
< . To see this claim, for each
C ∈ M, pick up the unique index tuple (i0(C), i1(C), ..., in−1(C)) ∈
{0, 1, 2, ..., k}n such that
C = (Ai0(C) ∩ f−1Ai1(C) ∩ f−2Ai2(C) ∩ · · · ∩ f−(n−1)Ain−1(C))∩W u(x, δ).
Now fix a C ∈M and let Y denote the collection of all C˜ with
dun
(
x(C), x(C˜)
)
< ,
then we have
]{il(C˜)|C˜ ∈ Y} ≤ 2, l = 0, 1, · · · , n− 1.
To see this inequality, we assume on the contrary that there exists
a l, and C˜1, C˜2, C˜3 ∈ Y , such that il(C˜1), il(C˜2), il(C˜3) are distinct.
Without loss of generality, we assume il(C˜1) 6= 0, il(C˜2) 6= 0. This
implies
dun
(
x(C˜1), x(C˜2)
)
≥ dun
(
f l(x(C˜1)), f
l(x(C˜2))
)
≥ dun
(
Ail(C˜1), Ail(C˜2)
)
≥ b > 2,
which leads to a contradiction.
Now we choose an element C1 ∈M, such that
gn (x(C1)) = max
C∈M
gn (x(C)) .
Let Y1 denote the collection of all C˜ ∈ Y with dun
(
x(C1), x(C˜)
)
< .
Then the cardinality of Y1 does not exceed 2n. If the collectionM\Y1
is not empty, we choose an element C2 ∈M \ Y1 such that
gn (x(C2)) = max
C∈M\Y1
gn(x(C)).
Let Y2 denote the collection of C˜ ∈ M \ Y1 with dun(x(C2), x(C˜)) < .
We continue this process. More precisely, in step m we choose an ele-
ment Cm ∈ M \ ∪m−1i=1 Yi such that gn(x(Cm)) = max
C∈M\∪m−1i=1 Yi
gn(x(C)).
Let Ym denote the collection of all C˜ ∈M\∪m−1i=1 Yi with dun(x(Cm), x(C˜)) <
. Since the partition is finite, the above process will stop at some step
m. Set E = {x(Cj)|j = 1, 2, ...,m}. Then E is an (n, ) u-separated
set of W u(x, δ).
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For each Yj, we have∑
C∈Yj
gn(x(C)) ≤ 2ngn(x(Cj)).
Then ∑
y∈E
gn(y) =
m∑
j=1
gn(x(Cj))
≥
m∑
j=1
1
2n
∑
C∈Yj
gn(x(C))
=
1
2n
∑
A∈αn−10
sup
x∈A∩Wu(x,δ)
gn(x).
Hence ∑
A∈αn−10
sup
x∈A∩Wu(x,δ)
gn(x) ≤ 2n
∑
y∈E
gn(y),
and
Hµ(α
n−1
0 |η) +
∫
M
log gn(x)dµ(x)
≤ sup
x∈M
log
 ∑
A∈αn−10
sup
x∈A∩Wu(x,δ)
gn(x)

≤ sup
x∈M
log(2n
∑
y∈E
gn(y)).
Dividing by n on both sides, one has
1
n
Hµ(α
n−1
0 |η) +
1
n
∫
M
log gn(x)dµ(x)
≤ log 2 + 1
n
sup
x∈M
log(
∑
y∈E
gn(y))
≤ log 2 + 1
n
logP un (f,G, ,W u(x, δ)).
Taking the limitsup with n→∞, one gets that
hµ(α|η) + G∗(µ) ≤ log 2 + sup
x∈M
P u(f,G, ,W u(x, δ)).
Let → 0, δ → 0, one has
huµ(f) + G∗(µ) ≤ log 2 + P u(f,G).
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Since this inequality holds for all diffeomorphisms and sub-additive
potentials, thus we can apply it to fk and G(k) and so
huµ(f
k) + G(k)∗ (µ) ≤ log 2 + P u(fk,G(k)).
By Proposition 2.3 and Lemma 2.5, we have
huµ(f) + G∗(µ) ≤
log 2
k
+ P u(f,G).
Since k is arbitrary, we have
huµ(f) + G∗(µ) ≤ P u(f,G).
Step 2 . In this step we will show the inverse inequality holds for some
µ ∈Mf (M).
We only need to prove that for any ρ > 0, there exists a µ ∈Mf (M)
satisfying
huµ(f) + G∗(µ) ≥ P u(f,G)− ρ.
By the definition of P u(f,G), for any δ > 0 small enough, one can take
x ∈M such that
P u
(
f,G,W u(x, δ)
)
≥ P u(f,G)− ρ.
For any small  > 0, suppose En be an (n, ) u-separated set of W u(x, δ)
whose cardinality is denoted by Nu(f, , n, x, δ) satisfying
log
∑
y∈En
gn(y) ≥ logP un (f,G, , x, δ)− 1.
Let us define
νn :=
∑
y∈En gn(y)δy∑
z∈En gn(z)
,
and µn :=
1
n
∑n−1
i=0 νn ◦ f−i. By the compactness of M(M), the set
of probability measures on M equipt with the weak* topology, we can
find a subsequence {nk} of natural numbers such that {µnk} converges,
say lim
k→∞
µnk = µ, obviously µ ∈ Mf (M). In the following context, we
shall show that this measure µ fits in our purpose.
For some δ small enough, pick η ∈ Pu such that W u(x, δ) ⊂ η(x).
Then one can choose a α ∈ P with µ(∂α) = 0, and diam(α) < 
C
where C > 1 is as in (2.2). Therefore, one has logNu(f, , n, x, δ) =
Hνn(α
n−1
0 |η). For any given q > 1, put a(j) = [
n− j
q
], where n is a
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natural number with n > q and j = 0, 1, ..., q − 1. So
n−1∨
i=0
f−iα =
a(i)−1∨
r=0
f−(rq+j)αq−10 ∨
∨
t∈Sj
f−tα,
where Sj = {0, 1, ..., j − 1} ∪ {j + qa(j), ..., n− 1}.
For any α ∈ P , suppose αu is the partition in Pu whose elements
can be given by αu(x) = α(x) ∩W uloc(x). Then
f rq
(
r−1∨
i=0
f−iqαq−10 ∨ f jη
)
= f rq(αrq−10 ∨ f jη) = fα ∨ ... ∨ f rqα ∨ f rq+jη ≥ fαu,
(3.1)
and
(3.2) Hν
a(j)−1∨
r=0
f−(rq+j)αq−10 |η
 = Hfjν
a(j)−1∨
r=0
f rqαq−10 |f jη
 .
On one hand, by Lemma 2.4, one has that
Hνn(α
n−1
0 |η) +
∫
M
log fndνn =
∑
y∈En
νn({y}) (− log νn({y}) + log gn(y))
= log
∑
y∈En
gn(y).
On the other hand, one has that
Hνn(α
n−1
0 |η) +
∫
M
log gndνn
=Hνn
a(j)−1∨
r=0
f−(rq+j)αq−10 ∨
∨
t∈Sj
f−tα|η
+ ∫
M
log gndνn
≤
∑
t∈Sj
Hνn(f
−tα|η) +Hνn
a(j)−1∨
r=0
f−(rq+j)αq−10 |η
+ ∫
M
log gndνn
=
∑
t∈Sj
Hνn(f
−tα|η) +Hfjνn
a(j)−1∨
r=0
f−rqαq−10 |f jη
+ ∫
M
log gndνn.
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While by Lemma 2.5 in [9] and combining with (3.1), (3.2), one gets
that
Hν(
a(j)−1∨
r=0
f−rqαq−10 |f jη)
=Hν(α
q−1
0 |f jη) +
a(i)−1∑
r=1
Hfrqν
(
αq−10 |f rq(
r−1∨
i=0
f−iqαq−10 ∨ f jη)
)
≤Hν(αq−10 |f jη) +
a(j)−1∑
r=1
Hfrqν(α
q−1
0 |fαu).
If one replaces ν by νn, then
Hνn(α
n−1
0 |η) +
∫
M
log gndνn
≤
∑
t∈Sj
Hνn(f
−tα|η) +Hfjνn(
a(j)−1∨
r=0
f−rqαq−10 |f jη) +
∫
M
log gndνn.
It is clear that |Sj| ≤ 2q, where |Sj| is the cardinality of Sj. Suppose
|α| = d. Add up the inequalities above over j from 0 to q − 1, and
divided by n, combining with Proposition 2.14 in [9], one gets that
q
n
log
∑
y∈En
gn(y)
(3.3)
≤ 1
n
q−1∑
j=0
∑
t∈Sj
Hνn(f
−tα | η) + 1
n
q−1∑
j=0
Hfjνn(α
q−1
0 | f jη)
+
1
n
n−1∑
i=0
Hfjνn(α
q−1
0 | fαu) +
q
n
∫
M
log gndνn
≤2q
2
n
log d+
1
n
q−1∑
j=0
Hfjνn(α
q−1
0 | f jη) +Hµn(αq−10 | fαu) +
q
n
∫
M
log gndνn.
Let {nk} be a sequence of natural numbers satisfying
(1)µnk → µ as k →∞.
(2) lim
k→∞
1
nk
logP unk(f,G, , x, δ) = lim sup
n→∞
1
n
logP un (f,G, , x, δ).
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Since µ(∂α) = 0, and µ ∈ Mf (M), then for any q ∈ N, one has
µ(∂αq−10 ) = 0. By Proposition 2.15 in [9], one has that
lim sup
k→∞
Hµk(α
q−1
0 | fαu) ≤ Hµ(αq−10 | fαu),
thus, if we replace n by nk in (3.3), let k →∞, and apply Theorem A
in [9], we have that
q lim sup
n→∞
1
n
logP un (f,G, , x, δ) ≤ Hµ(α0q−1 | fαu) + qG∗(µ).
Then by Corollary A.2 in [9], one has that
P u
(
f,G,W (x, δ)
)
≤ lim
q→∞
1
q
Hµ(α
0
q−1 | fαu) + G∗(µ)
= huµ(f) + G∗(µ).
Thus huµ(f) + G∗(µ) ≥ P u(f,G)− ρ.
By the arbitrariness of ρ, and combing with Step1 , one gets that
P u(f,G) = sup{huµ(f) + G∗(µ) : µ ∈Mf (M)} .
Step3 . Now we prove the second equation in Theorem 1.1.
Let ρ > 0 be sufficiently small, by step2 , there exists an invariant
measure µ such that
huµ(f) + G∗(µ) > P u(f,G)− ρ.
Note that huµ(f) + G∗(µ) =
∫
Mef (M)
(huν(f) + G∗(ν)) dν, there is an er-
godic invariant measure ν, such that
huν(f) + G∗(ν) > P u(f,G)− ρ.
Let ρ goes to zero, one has P u(f,G) = sup{huµ(f) + G∗(µ) : µ ∈
Mef (M)}.

Inspired by [6], we give the following equivalent description of The-
orem 1.1.
Proposition 3.1. Let f : M →M be a C1-smooth partially hyperbolic
diffeomorphism and G = {log gn}∞n=1 be a sub-additive potentials of f
on M . Then
P u(f,G) = lim
n→∞
P u(f,
log gn
n
)
if and only if
P u(f,G) = sup{huµ(f) + G∗(µ) : µ ∈Mf (M)}.
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Proof. We divide the proof into two parts.
The ′′if ′′ part.
Since
P u(f,G) = sup{huµ(f) + G∗(µ) : µ ∈Mf (M)},
for any µ ∈Mf (M), one has
(3.4) huµ(f) + lim
n→∞
∫
log gn
n
dµ ≤ P u(f,G).
By Proposition 2.15 in [9], the unstable metric entropy huµ(f) is an
upper semi-continuous function with respect to µ. According to the
variational principle of unstable topological pressure in [10], one has
for any t ∈ Z+, there exists µ2t ∈Mf (M) such that
P u(f,
log g2t
2t
) = huµ2t (f) +
∫
log g2t
2t
dµ2t .
Since the set Mf (M) is compact, we can assume that {µ2t}t∈Z+ → µ.
By the sub-additivity of {log gn}n∈Z+ , the sequence { log gnn } is decreas-
ing with respect to n. Then
huµ2t (f) +
∫
log g2t
2t
dµ2t ≤ huµ2t (f) +
∫
log g2s
2s
dµ2t ,
for any fixed positive integers s < t.
Therefore,
lim
n→∞
P u(f,
log gn
n
)
= lim
t→∞
P u(f,
log g2t
2t
)
= lim
t→∞
(
huµ2t (f) +
∫
log g2t
2t
dµ2t
)
≤ lim
t→∞
(
huµ2t (f) +
∫
log g2s
2s
dµ2t
)
(s < t)
≤huµ(f) +
∫
log g2s
2s
dµ.
By the arbitrariness of the natural number s, one has
(3.5) lim
n→∞
P u(f,
log gn
n
) ≤ huµ(f) + lim
s→∞
∫
log g2s
2s
dµ.
Combining 3.4 with 3.5, we get
lim
n→∞
P u(f,
log gn
n
) ≤ P u(f,G).
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If we write n = sl + r, for any given l, where s ≥ 0, 0 ≤ r < l, by
the sub-additivity of {log gn}, for any 0 ≤ j < l, we have
log gn(x) ≤ log gj(x)+log gl(f jx)+· · ·+log gl(f (s−2)l+jx)+log gl+r−j(f (s−1)l+jx),
where log g0(x) ≡ 0. Summing up the inequalities above from j = 0 to
j = l − 1 leads to
l log gn(x) ≤ 2lC1 +
(s−1)l−1∑
i=0
log gl(f
ix),
where C1 = max
0≤j≤2l−1
max
x∈M
| log gj(x)|. Hence
(3.6) log gn(x) ≤ 2C1+
(s−1)l−1∑
i=0
1
l
log gl(f
ix) ≤ 4C1+
(n−1∑
i=0
1
l
log gl(f
ix).
Therefore,
gn(x) ≤ exp(4C1) · exp(
n−1∑
i=0
1
l
log gl(f
ix)).
Then for any x ∈M and any δ > 0, one has
P un (f,G, , x, δ) ≤ P un (f,
1
l
log gl, , x, δ),
where P un (f,
1
l
log gl, , x, δ) is defined as in [10]. So
P u(f,G) ≤ P u(f, 1
l
log gl),
and then
P u(f,G) ≤ lim
l→∞
P u(f,
1
l
log gl).
The ′′only if ′′ part .
Since the entropy map µ → huµ(f) is upper semi-continuous, with a
similar argument as Proposition 4.4 in [4], we have
lim
n→∞
sup{huµ(f)+
∫
log gn
n
dµ : µ ∈Mf (M)} = sup{huµ(f)+G∗(µ) : µ ∈Mf (M)}.
Moreover, by Theorem A in [10], for any positive integer n, one has
P u(f,
log gn
n
) = sup{huµ(f) +
∫
log gn
n
dµ : µ ∈Mf (M)}.
Since
P u(f,G) = lim
n→∞
P u(f,
log gn
n
),
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P u(f,G)
= lim
n→∞
sup{huµ(f) +
∫
log gn
n
dµ : µ ∈Mf (M)}
= sup{huµ(f) + G∗(µ) : µ ∈Mf (M)}.
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